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Modelling Delay Propagation : � " 3

Event-Activity-Network

◮nodes = events e :
◮arrival/departure of a line at station

◮arcs = activities a :
◮drive, stop, change

deparr

drive station S

stop drive

arr dep

change

◮periodic timetable

◮assigns a time to each event e

◮contains a time buffer s(a) ≥ 0 for each activity 1:05 1:10

duration 3

min.

= 2
s(a)

◮on each a: random delay Dn(a) during its n-th occurance, n ∈ N

◮D1(a), D2(a), . . . independent, identically distributed
s(a)

Dn(a)

◮source delays D(a) occur during activities

◮propagated delays X(e) observed at events :

◮X(e) := actual time - scheduled time of event e

Kirchhoff,Kolonko - CASPT 2015
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Delay propagation

◮along a = (e, e′)
e
′

e

s(a)
D(a)

X(e) X(e′)

◮X(e′) =
[

X(e) +D(a)− s(a)
]+

◮along change-activity a1 = (e1, e
′)

e
′

e0

X(e0)
a0

X(e′)

e1

a1

X(e1)

ek

ak

X(ek)

◮X(e′) = ◮max
{

[

X(ei) +D(ai)− s(ai)
]+

| i = 0, . . . , k
}

(�)

◮modify for waiting time rule: ◮”wait at most κ minutes for delayed feeders”

◮Input: cdf Fa of source delays D(a) for each a

◮Output: cdf Fe of propagated delays X(e) for all e

◮Fa(t) = P(D(a) ≤ t)

◮ Assumption Indep:

◮all delays X(ei), D(ai), i = 0, . . . , k, in (�) are independent

Kirchhoff,Kolonko - CASPT 2015
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◮X(e′) = max
{

[

X(ei) +D(ai)− s(ai)
]+

| i = 0, . . . , k
}

(�)

e0 e′

e1

ek

Delay Distributions

◮X, Y are independent with cdf FX , FY , then

◮X + Y has cdf FX ∗FY ◮=
∫

t

0
FY (t− x) dFX(x) , convolution

◮max{X, Y } has cdf FX · FY

◮cdfs Fai of D(ai)

◮cdfs Fei of X(ei)

}

◮(�) ∗, · Fe′ of X(e′)

◮Needed: family of distributions closed under ∗, ·

θ-exponential polynomials

∗, ·

Erlang*-Distributions
Hyper-

simplify

∗, ·

empirical
data

◮We can now efficiently determine Fe′

◮from Fai and Fei

◮Fei must have been determined before

◮⇒ network must be cycle-free!

Kirchhoff,Kolonko - CASPT 2015
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Networks with Cycles

e e
′

a2

a1

D(a1)

D(a2)

s(a1

s(a2)

X(e)

Y (e)

◮Iterative approximation of X(e):

◮Start with X0(·) ≡ 0 ◮no delays

◮Xn+1(e) =
[

◮Xn(e′) ◮ +Dn(a2)− s(a2)
]+
◮+ Y n(e)

◮=
[

[Xn(e) +Dn(a1)− s(a1)]
+ +Dn(a2)− s(a2)

]+

+ Y n(e)

◮Distribution of Xn(e) converges against Fe ◮if:

◮

∑

i in cycle

ED(ai) <
∑

i in cycle

s(ai) ◮buffers compensate for mean delay

◮ Y n(e) ≤ κ < ∞ ◮bounded propagation from outside

◮Analogy to stability in queueing theory

◮Procedure: ◮partition network into connected components (CC)◮cycle-free

CC

CC
CCCC

CC

◮pass through network in topological order
◮for each CC: ◮approximate Fe for all e ∈ CC as above

Kirchhoff,Kolonko - CASPT 2015
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Experimental Results

Amers-
foort

Nijmegen

Arnhem

Deventer

Zwolle

Amsterdam

Utrecht

Enschede

Groningen

sHertogenbosch

◮Meester/Muns 2007

◮cycle-free

◮source delay distributions M/M 07

◮Compare Fe to

◮extensive Monte-Carlo-Simulation
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Modelling Delay Propagation : � " 9

◮Network with cycles,

Amers-
foort

Nijmegen

Arnhem

Deventer

Zwolle

Amsterdam

Utrecht

Enschede

Groningen

sHertogenbosch

◮ buffer - delay balance ok, ◮ κ = 20min.
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Modelling Delay Propagation : � " 10

Summary

◮We determine the long-run distribution of propagated delays

◮from given source delay distributions,

◮in cycles: iterative approximations,

◮derived stability conditions ,

◮results show very good agreement with MC simulation.
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